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Summary, - This report investigates the extent to which the dynamic behaviour of a torpedo is sensitive to changes
inits stability derivatives, The main object in carrving out the investigadion wis to provide guidanee on the aceuracy
of measurement of the stability derivatives that shooakd be necessiory for any given torpedo. The considerations of the
report are, however, also pertinent to the problem of deciding the elfeetiveness of possible changes in the design of a
torpedo, the dvnamie behaviour of which is unsatistactory, Hlustrative examples are worked out in detail. The report
emphasises the importanee of the so-called margin of stability,

L. Inlroduction. - ‘The purpose of this report is to investigate the extent to which the dvnamic
behaviour of a torpedo is sensitive to changes in its stability derivatives. Since dynamic
behaviour covers the whole class of possible motions of a torpedo, attention has had to be confined
to certain well defined aspeets. The main object in carrving out the investigation was to provide
guidance on the accuracy of measurement of the stability derivatives that would be necessary
for any given torpedo @ specifically, what errov in predicted performance will given errors in
the stability derivatives cause 2 The considerations of the report are, however, also pertinent
to the problem of deciding the effectiveness of possible changes in the design of a torpedo, the
dynamic behaviour of which is unsatisfactory.

2. The Motion of the Torpedo. -We consider motion in a vertical plane only, and neglect

buovanecy and trim cffects. The treatment applies equally to motion in a horizontal plane only.
The relevant equations of motion are

Loyt A0 - i mgla om0 .. .. .. . .. (1)

Mo MMy, L . . . . . o (2)

where
v speed of torpedo, assumed constant
% angle of attack S
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M denotes the coefficient of a moment about the transverse horizontal axis
through the torpedo c.g.

Z, -~ dZ[Ra, etc,

niy total transverse mass of torpedo = m + Ky,

m, -. total longitudinal mass of torpedo = m + Km,

m - mass of torpedo

m, —= mass of displaced fluid

J. =- total moment of inertia about the transverse horizontal axis through the
cg. =1+ K'I,

I, — moment of inertia of torpedo about the transverse horizontal axis through
the c.g. '

I, = moment of inertia of displaced fluid about the transverse horizontul axis

through the c.g.
K' K, K, are Lamb’s inertia coefficients for an equivalent ellipsoid.
The positive senses of the various parameters arc illustrated in Yig. 1.

If we multiply each term of equations (1) and (2) by e~" and integrate with respect to the

time ¢ between 0 and o« throughout (denoting Laplace-transformed quantities by a bar) and
eliminate § we have

m V]t — (J, 2.+ m;,VM)p - M Z, — M. (m,V -+ Z))a

= [j,Z,(f) N ;\{,,((m,V 4-Z) - ;\I,,Z,,‘]J,. .. .. .. (3)

If we had found, instead, the equation connecting %, or pf with 3, the left-hand side would have
been identical with that of equation (3). We write this left-hand side as

A Ay Ag)a

where
.“11 1= 7)1,1"./, (4)
A, — — 2, —-mVM,
A, M Z - M1 Z)
It follows from equation (3) that the transient part of the solution for «{f) will be
et iy ent .. .. .. .. .. .. .. .. (5)
where u, and u,, the decay constants of the motion are the roots of
Ap® - A+ 43 -0 L, .. .. .. o . e .. .. (6)

and 4, and 2, are constants.

In particular, if the elevators are locked at zeto, the right-hand side of equation (3) disappears,
and the expression (5) represents the complete solution for the angle of attack «, following a
disturbance.

A torpedo is said to have dynamic stability, if, when disturbed from a straight-line path, it
will again settle down to a straight-line path {(but not necessarily the original straight-line path),
that is, it tends to reduce its angle of attack to zero. If a dynamically unstable torpedo is
disturbed from its straight-line path, it will circle with smaller and smaller radius until the
linear analysis used here no longer applies. It is clear from equation (§) that the necessary and
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sufficient condition for the torpedo to have dynamic stability is that the roots of equation (8)
have negative real parts. The necessary and sufiicient condition for this is that A,, 4, and 4,
all have the same sign :

Ay =mV], >0
Ay = - .])'Zx T m!V‘)‘IV >0

since Z, < 0, M, < 0 for all conventional torpedoes. The criterion for dynamic stability is
therefore that 4, > 0. Since Z M, >~ 0, we can write

MmV + 2,

G=1-—"-""_- -7 = 0 for dynamic stability . . .. (7)
| ZM,
: G is called the margin of stability. The following Table indicates torpedo behaviour for different
values of G.
Stability ' G : Controllability Application
namicallv i N T T T
;_ - ,l\)li:‘;:];m!lzt:&?able T <8 ‘}chuircs special control equipment .. . No known application.
— — e P o o e =
i Dynamically stable 0-1 :
. 0-2 ' [ Turns rapidly with small rudders ; hard to ;| Homing torpedoes.
i ; 0-3 control and maintain in straight flight.
; , 04
! 5
1 0-5  :\ Turns rapidly with mediun-sized mdders ; Homing  torpedoes and
: 0-6 cuntrols moderately well. straight-running torpedocs,
B : :
: : 0-7 I Turns rapidly with large rudders ; controls * Straight-running torpedoes.
: P08 1) casily.
: !
. ; 09 \ ) N P . .
' 1.0 L Requires very darge rudders o controls very  Straight-running torpedoes.
? <10 casily.
.‘[’ f— = - _— - - e " - _— e .. . - —_ - PR
2.1. Circling Motion.— Suppose the torpedo is moving steadily in a vertical circle of constant
4 - radius R, with the following (constant) values of its parameters
g=0=0%, 2 -x*; & -0
| a=10=0.
:
Putting these values in equations (1) and (2) and solving for ¢* and x* we have

o M7z, — ZM,

G'o,*z M . . .. .. .. .. (8)
«*  M,m\V 4 Z) - MZ, ;
G b,* == - Z,.‘I,, “n . ’ e . . (\))

(We note that, since the right-hand side of equations (8) and (9) are both negative for all con-
ventional torpedoes,

L .‘1*
sgn 3 SgN 34 = — SN G.

This implies that a dynamically stable torpedo (G > 0) turns with its elevators, while a dynamic- 2
aliy unstable one (¢ <2 0) turns against its elevators.) kL

3
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In a stable (G > 0) turn of constant radius R, V = R0*, and from equation (8) we have

VGZ.M,

1
szﬁ(:jm;‘b—... ) .. .. .. . .. . (10)

3. The Effect of Errors in the Stability Derivatives.—We can now study the effects of errors in
the stability derivatives Z,, M., Z,, M,, Z, and M, on three aspects of the dynamic behaviour

of a torpedo :
(a) The effect on the radius of turn R for a given elevator angle 4%
(b) The effect on the margin of stability G

(c) The effect on the transient motion of the torj edo following a disturbance. This is done
by studying the effect on the decay constants u, and g, defined by equation (§).

Errors in the range + 20 per cent will be considered for the static and control surface
derivatives Z,, M,, Z, and M, , and errors in the range 4 50 per cent for the rotary derivatives

Z, and M, Each case will be illustrated by examples of two torpedoes of widely differing
hydrodynamic characteristics, Torpedo A (G about 1-0), and Torpedo B (G about 0-6). They
have the following hydrodynamic coefficients :

TORPEDO A.
i _ _. 3.09 : e _ _ g0, L .
E_—BOQ, 86’_"010, 5(—[/——R)_-1405
Cy __ . . 3(;_" — .0-37- 3w _ .
- = —0-05; 28, = 0-37; é(l/R)—_OG?’"
We use the relations
eC . . 8C aC
—_ 74 — g A — g
Z, = §pAV? = Z, = §pdV %o, Z,= iPAVla(l/l\’)
. ray®Cx . ap vy €Cu I 2Cy
M. = %PA IV zl 'a“;‘ N ;Wo‘ = ‘}p.’l lf 11 -2‘3—: ’ ‘W,, — %PA Vl’?(l_/_R_)
where p = density of water = 2 slugs/cu ft

A = maximum cross-sectional area of torpedo —= 2-4 ft?
V = speed of torpedo == 40 ft/sec
! == length of torpedo — 14 ft.

This gives
« a, Z,
m,=—ll‘866, 1—08=-2'688, TO—,-:—I‘SSS
M, M, M,
1—03=—— 2'957, 1—03 = — 19-891 ' -1"03=~ 11:967 .
Also m == mass of torpedo = 58-5 slugs

I, = moment of inertia of tor;)edo about the transverse horizontal axis through
the c.g. —~ 745 slugs/ft’,
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The Lamb inertia coctlicients for an ellipsoid ol the siume lineness ratio (8) are

N, 0020 ; N, 0945, TN 0840, giving
md™ s M st Joo g7
A TR L TH. ‘
TORPEDO B. |
Gy, Cogegess O - 1404
Cx ’ o, o AR)
oy - oy \ oy, -
) i 0-556 ; Y0229, = (0430
Y LR
p o 2slugsfeu ft o 9447 slugs
Ao 2-405 Mt I, - 1886-8 slugs/ft®
I 49 ft/sec Fineness ratio — 11-7, whencee
[ 2049 ft K, 0019 K, -0-9688; K’ -0-908.
These give
| “ 3293 “ 87 “ 2511
1 13-223 10 2287 ; e 29
M, M, M, 7
35785 ; ‘ 27095 ; ) 24738
e IS FODS gy .
w1 ny b /. .
;i e R B C o 4TI S = 0 3-000 .
i 108 110 10* L4717 e o 3-0600

3.1, The Effect on Radius of Turn. - For a given clevator deflection 8%, the radius of turn is

(equation (10)).

H y’ l"
| R \ 5%
where . .. .. .. (Ih
N Z,M, Z M, M. Z)
MZ, - Z,M, .\I,Z,\"- ZM,

We denote by R, and R, the values of N and R when there are no errors in the stability
derivatives, and by a8 and oK’ the changes in & and R due to changes 70 in €, where (7 1s
oncol £, M, Z., M, Z and M,
Since V' and ».* are constant, it is clear that
oR SR’
R R
The fractional change in A for any given fractional error in ¢ can be caleulated (rom equation (11)
as sct down beiow, for all six interpretations of €,
We note that R, has the following values for the two torpedoes chosen as examples :

Torpedo A K, LR TG when o # 10 deg

Torpedo 15 R, OO {1 when o % 10 deg.

o
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Errors in Z,

Z: - Z‘n '1'- dza

e 1 L8
i e

oR  M.J[MZ, — M, () = Z,)] 0 2.|Z,

R~ MZ, M mV  Z) Z, T 67—)

i Torpedo A : ‘-511,\‘ = 022, 57
' Y2195 - 22.71°)°

Z,
Torpedo B : '—’11; N LA

[ 4+0:92 -0-64 ‘374

o Errors in M, M, M, + oM,

= SR Z[MZ, — M, (mV + Z)] M. IM,

" R T M= A (m VT 2y M, T eM 3
; Lar =41+ ) 2

S Torpedo A : - %f—‘ _ oMM, i _ _ 3

o + 2195~ 0-77 -

' Torpedo B : -0—1;\ o SMLM,

_0-92 - 9-27 M-

AL
Errors in Z,, Zy — Z, 07,
8K LYNvs
r® M, z. oz,
M.Z, T T ¥
oK 0/, 7, .

Torpedo A : kR o2,

. d IR 8Z, | Z,
lorpedo B K= .-’ — b/_‘

Errors in M, M, — M*’r -+ M,
OR oM, 1L,
: R 7,7M, O eM,
| z.a, " Vo,
P« Torpedo A oK — SM. 1Mo, 3
o i oM, 3
97 M,

M 4).‘1,1 /“131

Torpedo B3 :

1-42 M.

’
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Errors in Z, L, L, 4 L,

OR ~ M7, S’ Z,  G,— 182,

R T MZ - M)V 2) £, iV A2y G 2,

where G, is the value of G, the margin of stability, when there are no errors in the stability
derivatives.

. OR . OZ_,
Torpedo A : = -0 04»[,‘,‘
L8R 82,
Torpedo B : BT 0:91 7
Errors in M, ' M,-> M.+ M,/
SR _ M.Z, 8M, 1 8M,
R~ MZ, —Mmm) ~Z) M, G, M,
. OR o 0M,
Torpedo A: - =t 0-99 M
. (5/\’ o . é;"lq
Torpedo B: - p =t 1 80..1‘74_,

These results are plotted in the form percentage error in R against percentage error in C in Fig. 2
for Torpedo A, and in Fig. 3 for Torpedo B. It is clear from Fig. 2 that, for Torpedo A, errors
only in M, and M, are significant. It is therefore useful to study the variation of R when there

are errors in M, and A, simultaneously. The result for Torpedo A is

. 6.‘1q (54‘1_,l
oR i 0-99 A‘[’ 1-04 “[“’
kT oM,
l 1 l N U-l' J-I-‘—

This can be plotted as a family of straight lines in the 6 R/R — 4 /M, plane with 63, /M, as
paramecter. From this it can be scen what ranges of errors (positive and negative) in .M, and

M, are permissible for a given permissible range of error in 2. This information is plotted in
Fig. 4.

For Torpedo B errors in all stability derivatives are significant, and there is no point in
considering simultaneous variations of two only.

3.2. The Effect on the Margin of Stabilily — G was defined by equation (7) as
MV - 2)
M, ’
where G, is the value of G when there are no errors in the stability derivatives. We are now

interested in the value of G when errors in the stability derivatives exist, and not in the fractional
change in G. The values of (, for the two torpedoes being considercd are

Torpedo A: G, = + 1-011
Torpedo B: G, = 4-0-556.

Go:l_“
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Errors in Z,

Errors in MM,

Errors in 7,

Errors in &,

These results are plotted with oC/C as a percentage in Fig. § for Torpedo A and in Fig. 6 for

Torpedo B.

Torpedo A :

Torpeco 13 :

Torpedo A :

Torpedo 13 :

Torpedo A :

Torpedo I3 :

Torpedo A :

Torpedo B :

) Go 1
G =1+ Do, ;
1 Z. sf
0011 "
G=1+ -l o, ;
T "5 :
Z, 3
. 0-444 :
G=1-- - = ;
1422 €
Z, 3
M, M, + 8M, "'
oM, "3
G = G + (Go— 1) 57 :
oM, 2
G -+ 0-556 — 0-444 270
M, 7
Z, > 72,4 8Z, ’}‘:
¥
— N Z-] 6Z,, 2
G = Got mV + Z, (Go— 1) zZ
— 1.011 — 0-040 %%
Z, ;
G - 0-556 -+ 0-050 %%
z, |
.‘[,, —_ A[,, + (’.‘Iq 1‘
_ Go — 1
C=1E T,
M, _..
. 0-011 ¢
G=1-+ - 1
|+ oM, ;
M, :

G—1-— 0- 444 , which i1s the same variation as for 6,‘-5 .

, ()4"14 é“
13

M, S

It 1s obvious from the form of the equations that the variation of G with errors in
the derivatives decreascs as G, approaches unity and is in fact zero at G, = 1.

3.3. The Effect on the Transient Motion of the Torpedo, Following a Disturbance.--It was shown
in Section 2 that the transient part of the solution for the angle of attack x(f) following a
disturbance was the expression (5) :

21 eull _*__ 2, e“zl N

8




The transient solution for the depth z,, or pitching rate 0 would be of the same form, with of
course, different values of the constants 2, and 4, Real values of u, and g, will be associated
with aperiodic imotion, and imaginary values with oscillatory motion.

The effect of errors in the stability derivatives on the transient motion of the torpedo can be
studied in two sub-sections :

(@) The effcct of such errors on the decay constants x, and 4,

(b) The effect of such errors on the transient motion following one particular disturbance
which will be taken as a step function input to the elevators.

3.3 (a).—The effect of crrors on the decav constants.—The decay constants were defined by
equations (4) and (6). It is obvious from ‘these that there are two types of problemn involved
since errors in Z, or M, cause A, only to vary, while errors in Z, or \I cause both A4, and Ato
vary.

Errors in M, M, M, 4 6M,
Let ¢ be a root of the new equation (replacing equation (6))
Ap + A + As — (,V -+ Z)M, 6—%{—’ =0. _

Put 4 = y and 8)M,/M, == x, and this becomes the cquation of a con’ ‘n the x-y plane. In
conventional conic notation, it becomes

bya* -l 2gx 4-2fiv ¢ =0,
where by =4+ A4, =mV],
28, = — M. (m,V + Z)

2/1 - + dAg = — 7”2Vaw.’. ""J'\Z,
==+ Ay = M Z, — M,(mV + Z).

The discriminant .1 is, in conic notation, #,* — a,b, = 0. Hence the equation above represents
a parabola, providing the conic is non-degenerate (the case where the conic is degenerate is
discussed below). The parabola passes through the points (0, 4,) and (0, ;) and its axis is parallel
to the x axis. Its vertex has an x co-ordinate of

L= by (m VM, — ], Z,

20g, T am )], .\I (m V' 5 7)

The value of the decay constants for any given error in ), say 6.M/,*, are the values of ¥ at
which the line x = 8 ,*/)M, meets the parabola.

The paraboia cuts the x axis at the point x = Gy/(1 - G,), v = 0, where G, i+ the margin of
stability calculated when no errors cxist in any derivative. \With this value of x, the torpedo is
marginally dynamically stable. Moreover, the nearer G, is to unity the smaller is the change in
the decay constants for any given error. At G, .= 1, the coefficient g, in the equation of the
parabola disappears, and this is the condition for the parabola to degencrate into a parallel
line-pair in the direction of the x axis, which implies no change at all in the decay constants for
errors in M/,. We assume that when no errors exist, the torpedo is dynamically stable, that is
G, >~ 0 and g4, and g, negative. It follows that the parabola faces right or left according as
G, = 1.

The parabola is plotted in Fig. 7 for Torpedo A, and in ¥Fig. 8 for Torpedo B. It should b
noticed that the horizontal scales of these diagrams cre in units of 43,/ M, and not (83 /M)
per cent as in previous diagrams. The variations of the decay constants are greater for

9

i,
1
1 8




|
F Torpedo B than for Torpedo A, as is to be expected, since G, is nearer unity for Torpedo A. In

Py L0 . . .
E‘. _ fact, for Torpedo A, over the range ‘-‘![-’- < 0-2 (i.c., = 20 per cent error), there is no noticeable
E_ M
b

change in the decay constants. For Torpedo B the change in the decay constants for the same
range of 4.}/,/), is noticeable but not significant.

The torpedo is dynamically stable or unstable according as «, and ¢, have negative or positive
real parts. When g, and », become imaginary (i.c., in the region of the diagram past the vertex

‘ of the parabola), the motion hitherto aperiodic becomes oscillatory. That the oscillatory motion
3 is, in fact, stable can be easily checked.
: Errors in Z, Z,—> 2L, + 82,
: Let x4 be a root of the new equation
P o , , 82,
;E_ Al'll T .’!z‘lt . .'13 — "‘Iz[q -Z‘q' = 0 .
b Put ¢ == v and 87,/Z, = x and we can write this in conic notation as before
g box? = 280 -F 2f,y - ¢ -0,
b ‘where by = +— d, = ml ],
E: 1 2g2 = - “[‘zzq
- = A, — VM, - ]2,
i =AM Z, — M 5 Z).
' This 1s, again, a parabola passing through (0, ,) and (0, 4,). The x co-ordinate of the vertex
is now
S = bafe [ I LR Pl U5 }’"n‘f.fézé
; 20,8, dmgV J M oV - Z) Z,
i It will meet the x axis where
T Go "+ Z,
T = G Z, '
It is in fact the same parabola as before, but with the horizontal scale multiplied by a factor
(mV + Z,);Z,. Minimum variation again occurs when G, =: 1, when the parabola degenerates
. as before. The parabola is plotted in Fig. 7 for Torpedo A and Fig. 8 for Torpedo B. In both
. cases the vuriation of the decay constants is a little greater than for the 1/, case but it is still
T .. . - . YA
negligible for Torpedo A and not very significant for Torpedo B in the range ; Z/-”" < 0-2
]
Errors in M, M, —> M, -+,
Let 4 be a root of the new equation
. A\, , o RV
A+ (‘.,12 — m "M, YN Ay 4 2., .\1,,' 0.
Put y = u and x = oM JM,. In conic notation the equation becomes
L xy Tt L Zg 2 2fv Lo 0, e . .. (12)
! where
- Dhy =~ m, VM,
by FIVC PR B [
2, - -+ £V, R .. .. (13)
26 4 Ay - = ] 40 - m M,
6 = Ay ML - MV o+ Z) '
iy

10




B . "i

e

e e

LA
oo o

; . IOy W 5 . s e b eins PR
o v 1 4 =20 Eragie s s ratiatiig: EERy i i i R URS s ol ns ¥ i 72 =% W ST F AR Fan T 407 1 RO
R TA] W i & A LR S 4 T R ) = s XL O Ty = R 3

¢ e

= Pt ki T . A § S LA FSR R X

The discriminant 4 - b — a,b, = bt > 0, so the equation represents a conic which, if non-
degenerate, is a hyperbola. (The case when the conic is degenerate will be discussed helow),  The
equation of the asymptotes is got from this equation by adding a constant x such that

D hs g i
Dy b, /a )
'gs /i (4 4 "
w0y
since 40, — 20,8, ~ 44} from (13).
The asymptote pair has, thercfore, the equation
2y - byt 4 284 + 2fiv 4 20, .. .. . oo (14)
The absence of a term in 4% shows that onc of the asvmptotes is parallel to the v axis, The slogw
of the other one is therefore the tangent of the angle between them and is
4 2V a) M
- (3 + by ]
From (14) we sce that the point (—- 1, 0) lies on the asymptote pair, and sinee the hiorizona

asymptote is certainly not y —= 00, the point {— 1, ) necessavily lies on the sloping asymptote,
whose equation is therefore

Solving for x» we get

v - “/I‘v“ Y

Since the hyperbola passes through the points (0, sy and (10, g0 Whers gy and gy are negative,
this asymptote must have a negative gradient, whenee its equition is

M
A J

M, being negative for all conventional torpedocs,  The cquition of the other asviptote bs fonid
by differentiating equation (14) and finding the value of 3 for which dyidy vimishes 1t is

A’f! —— Z:
I/
The horizontal asymptote has therefore the equation
Vo= Z,
Tl i

l (] Y

;e

l" s

W note that the asvmptotes interseet at (4®, 1%), wheye

\-‘ _,./»/‘: . )U,l"‘/’
AR 179 BV

We can now draw the asymptotes directly, and we know, moreover, two points on the byt hab,
namely, (0, ) and (0. 4,). There is one other point of interest on the hyperboba. Py
equation (12) the x axis cuts the hyperbola whero

- e C. (‘
5 - e n; o (g,

2 ’

There are four possible configurations of the hvperboln depending on whether 2® 4 apd
Go 2 1. These are shown in Fig. 8. 1 we vse the fact that the intereepts onany steaght hine
cut off between a hyperbola and its asymptotes ave copuad, it i possible tooskete o the by purhoda

bbbl s - latith b L b o bl

et e t bl L ot o bl st ol Yt e g S 205 it
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with geascnable accoracy flom a knowledge of its asyviptotes, the points (0, g,), (0, g,) and
G, 00, whiseh are known o e on it I the case G, - 1, as Gy - 1, the rate of variation of
ot deeay constunl decteases, while that of 1the other inereases to the slope of the sloping
isvmptote, o the case G, i is clear that the vatiation of botle decay constants decreases
ae (g appten bes it 106G, 1, the hivperbola degenerates into its asymptotes, and only one
Gy caletanl A afies,

The hyperhoba for Sorpadoe A e shosn in Figo 10, and dor Torpedo 13 in Fig. 11, and the
ptabiids pegione wie aliown for el 1t is casily proved that the segion of excillatory motion
pai begtion of «abbe gotion, T is intesesting to note that when 4, 1 it is impossible to reach
w eotditieny of ascrllintory motion of the body by altering: M only.

B ae cdeat Bt these Figuges that erpors in Mo ate far more sighificant as regards the decay
vettatiatie, Vst it errops dn 2 and Mo Tn fact an error of 80 per cont in M, would canse
Ferrpmades A oo omsa ilhtee, ol Tappaedo 18 to beeome dynamically unstible

Vv /., /. V. A,
ot o e g tootl of e peew uqu.dinn
, M. , M,
N N7 l Lo/ /. ;n A, M7, 7 0,

Pidting o0 v and AZ 000 s, s eguation becomes, in conic notation,

2/!.\\ ’;. v '-’}‘l" 2/.". vy 0 ,
LY IR
ahy / /.
by Ay mV],
- A/
2/ 1, 172, w M.

‘ e M. Mam)V - 2y,

Phots b wgontt o0 by o bk el e thie e sy s bicfore, we hnd that the asvmptotes have the
voprtathongs

\/ .
! / ) thetizomtal asvimptote)
/. —
5 Sl Gloping asvinptote
oty

Phoy et g e oot oo ¥ where

. m,,",", ,/,
17, '

st e s nas onbe the by pnahaba ot o s (4, o~ before, 11 e ks made about
e st i of beav i o Adie of G cbiae Bt st ay s Ie Hhe four confyzarations shown
b Yol ,|,n;'l\ Ut e Nl fir v b gt b e ||\|u'|'ml.u' dhe 'llll“('l‘ in g, 10
o borpetes Al Dy HF dea Bonpadec B e saniangeons m e decay comstants are still
Bt ot neod s tb=Ie e thoos wene fop crgean M peanienbagy as pesat v e g e uracey,
Wer ety 1 f ety S Lt e it boachiove Thon o cune v measuing Mo For
l. |'1o|‘| \ gl et oyl HEL KR vinl Wkt e gy 1o 0 s IR aned an e of

WEL jut copd Lo cane emnllatogs hiat)un lan lu||n-||n I mstubility would ocour when Z,

e
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had an error of — 60 per cent. For both torpedoes, x* is positive for the Z, case and negative
for the M, case. This implies that the sloping asymptote has a less steep g gradient in the Z, case
than in the ), case, and that the variations in the decay constants are (orrcapondmgly less.

: 3.8. (b). The effect of crrors on the transicut motion for one particular disturbance.--The 3
2 (hsturbance will be taken as a step function input on the elevators. ” The subsequent solution for ¥
sy the angle of attack will be studied. The relevant equation is equation (3), where 8, (f) is now a :
;o step function of magnitude 8 *. Then,
& 5.p) = ) 0.
E» < P I 4 ?
o and equation (3} gives, ,
L HP)  JZap + MopmV A 2y - ML x
E : o.* szIsPU’ —m)(p - 1)
: ‘ by the definition of p, and y,. Splitting the right-hand side into partial fractions we have :
Eﬁ" i N . . . .- ?_(_) ‘3 _1‘ . ;l L _iz___— : . (15) T T ';
TE' ‘, j) f)—/l ,/’_4‘"2, .e .o .. . .. .’
where =
. 1[ (m 1"+ /) - M /
: ! V] s

Aoy i M, S Ay - M, .
: gy, e A 2) M2 L (18)
Ve, ~ pe) ‘
¢
; . JsZops - My (V- _ ,) _,_

MgV Jopalps — )
Inverse Laplace-transferming equation (18) gives
aff it L3 gt

. 6_':)'3‘{')-10'T7-:C'~
Since we are interested only in the transient solution, and not in the steady-state solution (which
: is 2,), we divide by Z; to get finally,
i
: (). i Abent )l e

where

;l . 7'_1 . J 7 jll . \ ] /t‘-_.
T MLV o Z) - M, meogn o (17)

N /g ],Z,l/l., ol i
R M,V i Z2) M/, He - 4

gy vt o e dfscted by oerrors in 2, ML 2 and M as already shown, 27 and 2% are affected
by e 1eas inoall six derivatives, 1t s theretore |m\~l|)|(' to study how the solution (16) varies
sl errors in each of the six stability derivatives, one at a time, This has been done for three
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values of error in each derivative, namely 0, -+ 50 per cent for the rotary derivatives Z, and M,
and 0, -t 20 per cent for the others. The results for Torpedo A are contained in Fig. 12, and for
Torpedo B in Fig. 13. The time for the ordinate to reach 95 per cent of its final value is marked
in each case. Errors in Z, and M, do not affect cither torpedo noticeably. For the remaining

derivatives, errors appear to affect Torpedo B more adversely than they do Torpedo A particularly
in the case f the rotary derivatives Z, and M, An error of — 50 per cent in M, causes a
substantial change in the motion of Torpedo B. It should be noticed that the time : reach
95 per cent ol the final value is less for Torpedo A than for Torpedo B ; this is to be expected
since Torpedo A has a larger margin of stability.

4. Summary and Conclusions.—In this report, the extent to which the dynamic behaviour of
the torpedo is sensitive to changes in its stability derivatives has been investigated. Attention
has necessarily been confined to certain well defined aspects of dynamic behaviour. These aspects
were the radius of turn for a given elevator angle, the margin of stability, the decay constants of
disturbed motion, and the motion following a particular disturbance, namely, a step function
input to the elevators. [t is not too unreasonable to suppose that these aspects are broadly
representative of dynamic behaviour. It must be admitted, however, that the theoretical results

.. apply to an uncontrolled torpedo. Nevertheless, it should be noted that according to the Table,.

the margin of stability indicates the case with which a control system for a homing torpedo can
be designed.

‘The results obtained in particular cases, namely, Torpedo A and Torpedo B which have been
used as illustrative examples, may be summarised as follows : The radius of turn per elevator
angle of Torpedo A is very susceptible to crrors in M, and M, ; that of Torpedo B is very
susceptible to errors in all derivatives except perhaps 7, . The margin of stability G, for Torpedo
A varies very little with errors in the stability derivatives. For Torpedo B, G varies rapidly
with errors in Z,, M, and M,. For both torpedocs, the decay constants vary much more with
errors in Z, and M, than with errors in M, and Z,. This tendency is reflected in the effect of
errors on the solution for angle of attack following a step function input to the elevators, but it
is not as pronounced as one would expect, presumably due to the effects of the errors on the
coefficients 7} and 2}. TFor Torpedo A, the variation of the solution is small for all feasible errors.
This is not so for Torpedo B, the variations due to errors in Z, and M, being rather severe.

In view of the complexity of the concept of dynamic behaviour and the number of parameters
involved, it is difficult to draw general conclusions. It does seem clear, however, that the
susceptibility of torpedo performance to changes or errors in the stability derivatives depends
to a great extent on the margin of stability. The effect of errors is, in most respects, at a
minimum when G, - - 1, that is, when the torpedo is marginally statically stable.

Acknowledgements.—The author is indebted to Mr. I. J. Campbell of the Admiralty Research
Laboratory and to Mr. A. MacDonald of the Torpedo Experimental Iistablishment, for much
helpful advice given during the preparation of this report.
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